We discuss a self-consistent solution for a fermion coupled to static scalar field in the form of a kink (domain wall). In particular, we study the case when the fermion occupies an excited non-zero frequency level in the presence of the domain wall field.
Introduction
The problem of the spectrum of a fermion coupled to the field of a static kink was discussed for the first time in the classical paper by Dashen, Hasslacher and Neveu [1] . Some details of the problem were later discussed in Refs. [2] and [3] . The fermion spectrum and scattering states in the presence of a domain wall were studied in Refs. [4] and [5] . The details of the problem were reviewed in Radjaraman's book [6] .
In particular, these papers were devoted to the problem of a zero-frequency fermion coupled to the kink. As far as we know, no other exact analytical solution for the problem "domain wall + fermion" is known at the present time. The reason for this is that when dealing with non-zero fermionic excitations one needs to account for the distortion of the profile of kink in response to the coupling of fermion. Note that this distortion depends on coupling constant and hence is not small in general, implying that the problem "fermion in the field of a kink" is to be solved in a self-consistent way, taking into account the kink's distortion due to the presence of coupled fermion. Below we do not consider the effect of "fermion loop". This is in line with the arguments given in Ref. [1] . Actually, the authors of Ref. [1] look for time-independent (static) solutions for scalar field φ. Variating the effective action for the time-independent but spatially varying field φ, they managed to obtain an effective equation of motion for the field φ with separate contribution from "occupied states" and "fermion loop" (see also eq. (4.10) of paper [1] and the discussion related). Following the arguments of Ref. [1] , we shall concentrate on the effect of "occupied states" only, i.e. shall work in Hartree-Fock type approximation. The effect of "fermion loop" is a quantum mechanical correction of orderh, and we shall ignore the effect of "fermion loop" in this paper.
Indeed, the self-consistent treatment of the problem "domain wall + excited fermion" is rather complicated even at the Hartree-Fock level. However, as we shall demonstrate, for some special values of meson-fermion coupling the problem of an excited fermionic state in the field of a kink may be solved in a self-consistent analytical form.
Note that a similar problem, "kink + charged scalar field" was solved in our paper [7] .
The related problem of the interaction of a domain wall with a skyrmion was studied in Ref. [8] .
The plan of our paper is the following. In Section 2 we discuss the equations of motion and give analytic solutions for both ground state (zero mode) and first excited modes of the fermion in the field of domain wall. In Section 3 a self-consistency equation is formulated and solved. Finally, a general discussion and a summary of the results are presented in Section 4.
Lagrangian, equation of motion and some solutions
We study the system of the interacting scalar (φ) and fermion (Ψ) fields in two-dimensional space-time (1+1). The corresponding Lagrangian density is
Our notation here is similar but not identical to that of Refs. [1, 2, 6] . Scalar field φ(x, t)
Introducing space-time dimensionless variablesx = mx,t = mt and rescaling fermionic fieldΨ = m −1/2 Ψ and the coupling constantg = m −1 g, we rewrite the Lagrangian density
Hereinafter we omit everywhere the tilde and work in terms of dimensionless fields, coupling constant and space-time variables.
If the coupling of scalar field to fermions is switched off, g = 0, the equation of motion for scalar field reads:
The constant solutions of (2.3) φ ± = ±1 correspond to the degenerate absolute minima of the Hamiltonian H[φ] (vacuum states) and the solution φ = 0 corresponds to the unstable vacuum, a state with non-violated symmetry. Another static solution of (2.3) with finite energy is a topological solitary wave called "kink",
In three space dimensions, this solution looks like a domain wall that separates two space regions with different vacua φ ± . The kink is an extended object with a ground state and a set of excited states above it, see also Refs. [9, 10] .
Let us discuss the fermionic sector of the theory. After the substitution Ψ(x, t) = e −iεt ψ ε (x) the Dirac equation for the massless case reads (see, e.g. [6] ):
where α x and β are the Pauli matrices,
In eq. (2.5),
is the two-component wave function of fermion. In terms of functions u ε (x) and v ε (x), eq. (2.5) takes the form
This system of equations may be presented in the form
Substituting φ(x) = φ K (x) = tanh x we finally get:
This system describes the spectrum and eigenfunctions of the fermion in the external scalar field of kink φ K (x) = tanh x. Let us look at some simple analytic examples of solutions for system (2.10).
1. The case g = 1. The spectrum in this case consists of only one localized nondegenerate bound state with ε = 0 (zero frequency mode) plus the continuum of scattering states with ε 2 ≥ 1. The normalized fermion bound state wave function is
(2.11)
2. The case g = 2. There are two different bound states in this case: one with ε = 0 and one with ε 2 = 3. The continuum of scattering states corresponds to ε 2 ≥ 4.
2A.
The ground state of the system in this case is a nondegenerate state with eigenvalue ε = 0. The wave function in this case is
2B. Nonzero frequencies for bound states appear in couples and hence they are twicely degenerate. In our case they correspond to ε = ± √ 3. The states with positive frequencies are fermions and with negative ones are antifermions. The wave functions of these states
(2.13)
Note that negative coupling g < 0 results in the same spectrum of the problem as positive g > 0. The wave functions are similar to those given by (2.11)-(2.13), with the exchange u ε ↔ v ε .
One example of nontrivial self-consistent solution
The equation of motion for scalar field φ(x, t) in presence of fermionic field Ψ reads
Zero frequency solutions (2.11) and (2.12) satisfy automatically the conditionΨΨ = 2u ε=0 v ε=0 ≡ 0. Thus, the solution in the form "φ K (x) = tanh x plus zero mode bound fermion" is self-consistent. However, if the fermion occupies a level with ε = 0, the r.h.s.
of eq. (3.1) is already nonzero. Hence the kink's profile has to be modified to fulfill eq.
(3.1).
As we shall demonstrate below, for some exceptional values of coupling constant g the kink's profile consistent with the fermion field coupled to the kink can be found analytically.
In fact, let us look for a solution of the Dirac equation for the fermion in the field of distorted kinkφ K = tanh αx, where α is unknown real parameter to be determined from a self-consistency condition that will be derived below. Introducing new variable y = αx and a new parameter s = g/α, we get a system of equations for the fermionic wave function, which formally coincides with (2.10):
where ε ′ = ε/α. The solution for the case
equation for the slope α:
hence, α = 2/(2 + √ 3) ≈ 0.732. With this value for α the distorted kinkφ K (x) = tanh αx bounds the excited fermion with the wave function given by (3.3) . This is an example of a self-consistent solution of the problem "kink + excited non-zero frequency fermion".
Conclusion
The procedure we used here is similar to the Hartree-Fock method widely used in the atomic and nuclear physics. The main our result is the self-consistency condition (3.4), which is a purely algebraic one in our case. The slope of the distorted kink at the origin in the presence of valence fermion changes from α = 1 to α ≈ 0.732.
For the particular value of s, s = 2, (and/or g = 2α) the distorted kink can capture a couple of fermions, one being in the ground state (zero mode) and the second one in the first excited state with the wave function given by eq. (3.3). If a couple of fermions occupies both excited states with ε ′ = ± √ 3, the solution of the self-consistency condition
Note that the solution of the problem with negative α = − 2/(2 + √ 3) also exists.
It corresponds to the case of a distorted antikink coupled to an antifermion.
For arbitrary s the wave function of fermion for the first excited state in the field of kinkφ K (x) = tanh(αx) reads: Speaking of the practical applications of the results discussed above, we shall first of all mention the problems of cosmology. In this connection we refer to the studies of Refs. [11] .
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